Abstract. In combustion theory, a thin flame zone is usually replaced by a free interface. A very challenging problem is the derivation of a self-consistent equation for the flame front which yields a reduction of the dimensionality of the system. A paradigm is the Kuramoto-Sivashinsky (K-S) equation, which models cellular instabilities and turbulence phenomena. In this survey paper, we browse through a series of models in which one reaches a fully nonlinear parabolic equation for the free interface, involving pseudo-differential operators. The K-S equation appears to be asymptotically the lowest order of approximation near the threshold of stability.
Introduction
Interface phenomena are commonplace in physics, chemistry, biology, and various disciplines bridging these fields (see Fife [18] ), such as combustion and flame. The latter domain constitutes an intricate physical system involving fluid dynamics, multistep chemical kinetics, and molecular and radiative heat transfer. In the middle of the 20th century, the Russian School [23] introduced formal asymptotic methods based on large activation energy which have allowed simpler descriptions, especially when a thin flame zone is replaced by a free interface, commonly called the flame front. A very challenging problem is the derivation of a single equation for the free interface, which may capture most of the dynamics and, as a consequence, yields a reduction of the effective dimensionality of the system. In premixed gas combustion, thermal-diffusive instability is a result of the competition between the exothermic reaction and the heat diffusion, which in turn exhibits chaotic dynamics. Near the instability threshold it is possible to (asymptotically) separate the spatial and temporal coordinates, and further reduce the system to a single geometrically invariant surface dynamics equation (see Frankel and Sivashinsky [22] ):
V n = 1+(α−1)κ+κ ss , (1.1) where V n is the normal velocity of the flame sheet, s is the arc-length along the interface, and κ is its curvature. The parameter, α, reflects the physico-chemical characteristics of the combustible; cellular instability occurs when α exceeds unity.
The coordinate-free model (1.1), especially its weakly-nonlinear approximation, the Kuramoto-Sivashinsky (K-S) equation:
appears in a variety of domains in physics and chemistry which include free interfaces.
As it models cellular instabilities (see Sivashinsky [33] ), pattern formation, turbulence phenomena (see Kuramoto [27, 28] who independently derived K-S in a study of turbulence in the Belousov-Zhabotinsky reaction), and transition to chaos (see Hyman and Nicolaenko [25] ), the K-S equation has received considerable attention from the mathematical community (see Temam [34] and the references therein). Several authors have restricted their attention to a differentiated version of (1.2) which includes a nonlinearity of Burgers type.
The K-S model comprises a balance between several effects: loosely speaking, this equation arises when the competing effects of a destabilizing linear part νΦ ηηηη +Φ ηη and a stabilizing nonlinearity 1 2 Φ 2 η are the dominant processes. The linear instability is itself the result of a competition between two linear operators, νD 2 ηη (stabilizing) and D ηη (destabilizing). Comparable competition holds in other dissipative systems with similar dynamics, such as the Burgers-Sivashinsky equation (see Berestycki et al. [1] ) and the Q-S equation (see Section 2.2).
In this survey, we browse through a series of free-interface problems in combustion theory (also a model for supercooling). Our viewpoint is twofold: (i) First, after a number of simplifications, derive a self-consistent equation for the interface (more precisely for the corrugated perturbation of a planar front) whose general form on an interval (−ℓ/2,ℓ/2) with periodic boundary conditions reads:
or, inverting operator B whenever it is possible:
The most general situation is that (1.3) and (1.4) are fully nonlinear parabolic equations (see Lunardi [31] ) with pseudo-differential operators (or Fourier multipliers), in contrast to K-S which is a semilinear equation. An issue is the stability of the one-dimensional Traveling Wave (TW) solution with respect to two-dimensional disturbances and the computation of a critical value, α c , of parameter α as in (1.1), corresponding to the threshold of stability.
(ii) Second, in rescaled dependent and independent variables, recover asymptotically K-S as a limit of (1.3) when a small parameter ε, frequently defined as ε = α−1, tends to 0. In other words, the equation K-S corresponds to the lowest order of approximation near the stability threshold. The method in Section 6 delves into the core of the model. The paper is organized as follows: In Section 2, we consider one-dimensional models, the κ−θ system equivalent to a ultra-parabolic equation, and its quasi-steady version, the Q-S equation. Next, we focus on two-dimensional models in a strip of R 2 . In Section 3, we discuss the Near-Equidiffusional Flames (NEF) theory that has played an important role in the study of instabilities responsible for the formation of non-steady cellular structure described by free-interface problems. Turing (see [35] ) already observed that spatially inhomogeneous patterns evolve by diffusion driven instability when equidiffusion does not hold. Next, in Section 4, we consider a model in gas-solid combustion which also can be interpreted in terms of diffusive instability. We observe in Section 5 that away from the stability threshold, the structure of the front equation may be far more involved. In this respect we have introduced a generalization of the K-S equation as a damped wave equation ( [11] ):
Finally, we devote Section 6 to a model aside from combustion theory: we consider a solid-liquid free-interface model, with a solidification front. The main issue is that the front equation is retrieved from the two-dimensional model as a natural solvability condition. Eventually, the equation K-S, with ν = 3, is recovered asymptotically.
The κ-θ model
Equation (1.1) is not a unique low-dimensional model generating cellular instability. The geometrically-invariant κ-θ model enjoys similar properties (see Frankel et al. [20] ):
where D t θ is the Lagrangian time derivative of the (reduced) interface temperature θ along the "flow" generated by the normal velocity field.
Weakly nonlinear κ-θ model [3]
For a mildly distorted planar flame, propagating along the x-axis, the flame interface may be described by an explicit function of the transversal coordinate y, namely x = −t+ ϕ(y,t). As a result one obtains a weakly nonlinear version of the κ-θ model:
with periodic boundary conditions at y = ±ℓ/2. Problem (2.2) is a parabolic system with smooth nonlinearities. Existence in the large can be proved thanks to the particular structure of the system: differentiating the ϕ-equation with respect to y, the coefficients of ϕ yy and θ y are the same (equal to ϕ y ) in both equations, see [3, Section 2] . It turns out that the κ-θ system is uniformly closed to the K-S equation when α=1+ε, where ε is a small positive parameter. The trick in [3] is to reduce the κ−θ system to a scalar equation by expressing θ = ϕ yy
y from the first equation in (2.2), and substituting it into the second equation, to obtain an equivalent ultra-parabolic equation:
3)
The rescaling ϕ = εψ, t = τ/ε 2 , y = η/ √ ε yields after division by ε 3 a perturbed equation:
whose formal limit is clearly:
namely the K-S equation in the rescaled coordinates with ν = 1. The main result (see [3, Theorem 3.2] ) is the existence of a constant C independent of 0 < ε ≤ ε 0 , such that:
Here ℓ 0 and T are fixed; moreover, the initial data must be chosen accordingly ( [3, (23) 
The Q-S equation [5]
It has been observed that, not far from the instability threshold, the time derivative in the second equation of the κ-θ model has a relatively small effect on the solution. Based on this observation, we consider a quasi-steady κ-θ model as follows (see [5] ):
and its weakly nonlinear version:
The inversion θ = α(I −∂ 2 y ) −1 ϕ yy is well defined on any reasonable function space to be considered for this problem. Therefore, we may re-write the system (2.5) as a single nonlocal equation:
called the Q-S equation (for quasi-steady), together with natural periodic boundary conditions at y = ±ℓ/2. A basic feature of (2.6) is that there is a competition between the operators −D yy (stabilizing) and α(I −D yy ) −1 D yy (destabilizing). This situation is reminiscent of the K-S equation; however, the main benefit of Q-S over K-S is that the destabilizing operator is bounded, albeit nonlocal.
Eq. (2.6) can be re-written as a fourth-order equation (see [2, Theorem 2.1]):
which reads after the same rescaling as in Section 2.1:
hence, the convergence to K-S, see [2, Section 3] . From a more physical viewpoint, all three of these models, K-S, κ−θ and Q-S share the same basic quality revealed by linear stability analysis, namely long-wave destabilization, which is suppressed by the dominant dissipative principal term for small wave lengths (see the discussion in [3] and Vukadinovic [36] ).
Although the Q-S equation was introduced as an ad hoc truncation of the full κ−θ model (2.2), it represents an interesting dynamical system in its own right. Its dynamics is essentially finite-dimensional: Q-S possesses a universal absorbing set and a compact attractor; furthermore, the attractor is of a finite Hausdorff dimension (see [4] and Vukadinovic [36] ).
Near-Equidiffusional Flames (NEF)

The thermal-diffusional model
A paradigm in premixed flame combustion is the two-dimensional thermal-diffusional model, a simplified model that involves only two equations: the heat equation for the system's temperature and the diffusion equation for the deficient reactant's concentration (see, e.g., Buckmaster and Ludford [13] ):
The parameter Le is the Lewis number, corresponding to the ratio of thermal and molecular diffusivities. The scaled reaction rate ω(Y,T) is as usual given by the Arrhenius law
where E is the activation energy and R is the gas constant. A measure of the activation energy is the Zel'dovich number, β. Due to the distributed nature of the reaction rate, ω, it is still difficult to theoretically explore the system (3.1), (3.2). One, therefore, turns to the conventional high activation energy limit, β ≫ 1, which converts the reaction rate term into a localized source distributed over a free-interface, x = ξ(t,y), the flame front (see [13, p. 218] ).
Derivation of the NEF model [32]
The laminar flames of low-Lewis-number premixtures are known to display thermaldiffusive instability responsible for the formation of non-steady cellular structure. The NEF model (see Matkowsky and Sivashinsky [32] ) combines the limit of large activation energy, β≫1, with the limit of Lewis number near unity. The NEF theory is characterized (see Buckmaster and Ludford [14] ) by the requirements: (i) Le −1 =1−β −1 l, where l=O(1) is the reduced Lewis number; and (ii) H = H f +O(β −1 ), where H is the enthalpy, Y +T, and H f is its value at x=−∞. The second requirement corresponds to using the following expansions for T and Y:
Within this framework, the thermal-diffusional model (3.1), (3.2) gives raise to a freeinterface problem for T 0 and H 1 . According to the notation of [33] , T 0 is replaced by θ, H 1 by 2S, and −l/2 by α which reflects the physico-chemical characteristics of the combustible as in (1.1). Here we consider only the case where α is positive, i.e., the case of high mobility of the deficient reactant. The NEF system for θ, S and the flame front x = ξ(t,y) reads:
At the front, θ and S are continuous, while the following jump conditions occur for the normal derivatives:
When x → ±∞, θ(t,−∞,y) = S(t,−∞,y) = S(t,+∞,y) = 0; however, polynomial growth as x → +∞ is allowed in the literature. If the domain is a strip, R×(−ℓ/2,ℓ/2), then periodic boundary conditions are usually assumed at y= ±ℓ/2. This system has a planar travelling wave (TW) solution, with velocity −1, which reads in the coordinate z = x+t:
(See Marion and Ducrot [16] for two-dimensional TWs.) It is standard to fix the interface at the origin by setting ξ(t,y) = −t+ ϕ(t,y),
y).
In this new framework:
where
The first condition in (3.4) reads:
In view of the stability analysis of the TW, it is usual to introduce the perturbations θ = θ +u, S = S+v of the planar TW, and consider the system for (u,v, ϕ). By stability we mean orbital stability with asymptotic phase. Instability in the space R 2 has been studied in [12] , i.e. when the parameter α exceeds the critical value, α c =1, at which the threshold of stability occurs. Lorenzi [29, 30] studied the stability in the strip R×(−ℓ/2,ℓ/2) with different boundary conditions at y = ±ℓ/2; in any case, the critical value, α c , tends to 1 as ℓ → +∞. The method used is quite general (see [10] for an abstract presentation) and allows the elimination of the front ϕ. It leads to a class of fully nonlinear problems, which can be studied by the techniques of Lunardi [31] .
Formal derivation of the K-S equation [33]
In the pioneering paper [33] , Sivashinsky performed a formal asymptotic analysis near the threshold of stability, α c = 1. Setting α = 1+ε, he defined a convenient set of rescaled dependent and independent variables based on physical considerations, which provides a distinguished limit as ε → 0:
(For a discussion about relevant powers of ε, see van den Berg et al. [2] in the radiative case.) Then, Sivashinsky sought a formal ansatz ( [33, p. 75]):
However, at the zeroth order, it is not possible to "close" the nonlinear system for the triplet (ũ 0 ,ṽ 0 ,ψ 0 ). This situation is quite common in singular perturbation theory when the zeroth order can not be fully determined (see, e.g., Eckhaus [17] ). In such a case, one must go to the first order, which is indeed linear. Most often, the latter demands a solvability condition, for example based on the Fredholm alternative, which provides the missing relation for the zeroth order. Here, the solvability condition for the linear system for (ũ 1 ,ṽ 1 ,ψ 1 ) reads:
i.e., ψ 0 verifies the K-S equation in the rescaled coordinates with ν = 4.
A quasi-steady version of the NEF model [9]
Near the instability threshold, the time derivatives in the temperature and enthalpy equations have a relatively small effect on the solution. The dynamics appears to be essentially driven by the moving front. As in Section 2.2, one defines a quasi-steady NEF model [9] , writing (for simplicity) x instead of x ′ = x−ξ(t,y):
Then, the problem for the perturbation (u,v, ϕ) of the planar TW reads:
We retain only linear and second-order terms for the perturbation of the front, ϕ, and first-order terms for the perturbations of temperature, u, and enthalpy, v. The skipped terms contribute to higher order perturbations only. After some computations, this leads to the equations:
with the interface conditions at x = 0:
System (3.9)-(3.10) is simple enough to be integrated explicitly via a discrete Fourier transform in the variable y; therefore, it allows a separation of the dependent variables. One gets to a self-consistent pseudo-differential equation for the front, ϕ, which reads:
where the −λ k 's are the non-positive eigenvalues of the operator D yy with periodic boundary conditions at y = ±ℓ/2 and X k = √ 1+4λ k is the symbol of operator 1−4D yy . One can rewrite (3.11) as a fourth-order equation on the interval (−ℓ/2,ℓ/2):
where S is a fourth-order differential operator with H 4 ♯ (the usual Sobolev space consisting of ℓ-periodic functions) as a domain:
Operators B and F are pseudo-differential (or Fourier multipliers) with symbols, respectively,
Therefore,
We point out that the nonlinear term in (3.12) is also of the fourth-order, therefore it is a fully nonlinear parabolic equation, in contrast to K-S which is a semilinear parabolic equation. If we invert operator B, then (3.12) is written as a second-order fully nonlinear parabolic equation. It is easy to compute the critical value α c = 1+16π 2 /ℓ 2 at which the threshold of stability holds, α c → 1 as ℓ → ∞ (see [9, Theorem 2.1]). The main issue is the link between (3.12) and K-S. Setting α=1+ε and performing the change of dependent and independent variables in (3.7), we see that ψ solves the perturbed equation:
(3.13)
Clearly, at the limit ε → 0, one retrieves the equation K-S. However, this must be demonstrated in a rigorous way. The idea is to link the small parameter, ε, and the width of the strip, which will blow up as ε → 0; for ℓ 0 > 0, we take ℓ of the form, ℓ ε = ℓ 0 / √ ε; hence, α c =1+ε16π 2 /ℓ 2 0 . Thus, ℓ 0 becomes the new bifurcation parameter. Obviously, ℓ 0 >4π in order to have α c ∈ (1,1+ε) , i.e., α > α c ; otherwise, the origin is stable and the dynamics is trivial. The main result is the following (see [ 
In other words, starting from the same configuration, the solution of (3.12) remains on a fixed time interval close to the solution of K-S up to some renormalization, uniformly in ε sufficiently small. Note that the initial condition for ϕ is of a special type, compatible with Φ 0 and (1.2) at τ = 0.
A gas-solid model with pattern formation [6, 24, 26]
Next, we consider a model in gas-solid combustion, proposed by Kagan and Sivashinsky [26] . This model was motivated by the experimental studies of Zik and Moses [39] , who observed a striking fingering pattern in flame spread over thin solid fuels. The phenomenon was interpreted in terms of the diffusive instability similar to that occurring in laminar flames of low-Lewis-number premixtures (see Section 3.2). Hereafter, we use the same notation.
The free-interface system for the scaled temperature θ, the excess enthalpy S, the prescribed flow intensity U (0 < U < 1), and the moving front x = ξ(t,y), reads:
together with the jump conditions (3.4) at the free interface. Here α is a real number (see [26, p. 274] ). System (4.1) is rather unusual since, in contrast to the NEF system (3.2), it is the temperature's time derivative which appears in the enthalpy equation. There is an additional transport equation for the solid product (char) Σ:
System (4.1)(4.2) admits a planar solution traveling at constant velocity −V, where V = −UlnU, which reads in the coordinate z = x+Vt:
We follow the lines of Section 3.4, considering a quasi-steady version of (4.1) in the coordinate x ′ = z− ϕ(t,y) where ϕ(t,y) = ξ(t,y)+Vt:
Omitting the prime, the perturbations θ = θ +u, S = S+v verify, retaining only linear and second-order terms for ϕ, first-order terms for u and v:
The interface conditions at x = 0 reads:
It turns out that the equation for the front (in Fourier coordinates) reads:
where X k = U 2 +4λ k , k = 0,1,.... Defining the pseudo-differential operators B,S and F through their symbols, respectively,
while the realization of S in L 2 is the operator −4D yyyy −(γ−1)U 2 D yy . Then, the front ϕ solves the fourth-order, fully nonlinear equation, on the interval (−ℓ/2,ℓ/2):
If we invert operator B, one now obtains a third-order fully nonlinear equation (see [6, Section 3] ).
We define a small perturbation parameter ε > 0 by α = 1+lnU +ε, and rescale the variables in the spirit of (3.7):
Taking ℓ = ℓ 0 / √ εU, ℓ 0 > 4π, one links ε and the period ℓ, which blows up as ε → 0. After division by ε 3 and U 3 it comes:
which is clearly a perturbation of the K-S equation. The analogue of Theorem 3.1 can be proved (see [6] for details).
Regarding the char, we refer to [24, Part II] . Letting Σ = Σ+σ be the perturbation of the solid product, the value at the fixed interface is rescaled as σ(t,0,y) = ε 2 Uσ(τ,0,η). It turns out that
where v = ε 2ṽ is the perturbation of the enthalpy, which verifies:
(4.8)
Formulae (4.7) and (4.8) are convenient for numerical computations of the char, see [24, Section 8] . A rich dynamics appears for large time t and spatial coordinate y, where a chaotic fingering evolution is observed.
A strongly damped wave equation [11]
When α−1 is positive but not necessarily small; namely, away from the stability threshold, the structure of the front equation is far more involved, as already reflected by the ultra-parabolic equation (2.3) that is equivalent to the weakly nonlinear κ−θ model in Section 2.1.
Moreover, a full derivation in Fourier-Laplace variables of the front equation in the NEF model shows that (3.12) becomes a wave equation, with a linear part whose leading term reads (see [11, Appendix] ):
A paradigm model is a nonlinear wave equation with a strongly damping operator I −8D yy acting on ϕ t :
on a strip R×[−ℓ/2,ℓ/2] with periodic boundary conditions and initial conditions (ϕ 0 , ϕ 1 ) for ϕ and ϕ t respectively. Whether or not the null solution is stable is the first question regarding (5.1); we expect a threshold of stability at the same critical value α c =1+16π 2 /ℓ 2 . The trick is to write (5.1) as a first-order system and study the semigroup associated with the linear operator. In wave problems, the semigroup is a priori only strongly continuous. However, in the case of a damped wave equation, and if the damping is strong enough, the semigroup may be analytic (see Carvalho and Cholewa [15] ). At this point, we give a quick snapshot (see [11, Section 3] for details).
Eq. (5.1) may be rewritten in the abstract form:
where A = −D yyyy −(α−1)/4D yy , and B = 2D yy −(1/4)I is the damping operator. We split ϕ=Πϕ+(I−Π)ϕ=r+u, where Πϕ stands for the mean value of ϕ over (−l/2,ℓ/2), with initial data split accordingly. The system for (u,r) reads:
Clearly the equation for r is immediately solved once u is known. Hence, the core of the analysis is the first equation in (5.3), which is written as a first order system for U:=(u,u t )
where, for u = (u,v), Although the wave model was intended in the case where α−1 is not necessarily small, the second question about (5.1) addresses the consistency of the model when α = 1+ε. Clearly, ψ = ϕ/ε verifies: 5) in the rescaled variables τ = tε 2 , η = y √ ε, and the latter equation approaches K-S as ε → 0 (see [11, Section 4] for a proof). Finally, we note that the perturbed equation (5.5) has received some attention from a numerical viewpoint (see, e.g., [11, Section 4], Zhang et al. [37, 38] ).
A solid-liquid interface model [7, 8]
Here we consider a two-dimensional, Stefan-like, free-interface problem, which is a simplified rescaled version of a solid-liquid interface model introduced by Frankel [19, 21] . The solidification front is represented by x = ξ(t,y). The (supercooled) liquid phase is for x < ξ(t,y); the solid phase is for x > ξ(t,y). The dynamics of heat is described by the heat conduction equation in the strip R×(−ℓ/2,ℓ/2),
with periodic boundary conditions. At x = −∞, the temperature of the liquid is normalized to 0. At the front, x = ξ(t,y), there are two interface conditions: first, the balance of energy at the interface is given by the jump:
where V n is the normal velocity; second, according to the Gibbs-Thompson law, the nonequilibrium interface temperature is defined by:
where the melting temperature has been normalized to 1, κ is the interface curvature, and the positive constant γ represents the solid-liquid surface tension. For simplicity it is assumed that r−1 is linear; hence, (6.3) becomes:
The system admits a one-dimensional TW solution θ(z) = e z for z ≤ 0, and θ(z) = 1 for z > 0. A weakly nonlinear, quasi-steady version of (6.1), (6.2), (6.4) is obtained by assuming a slightly distorted planar front propagating along the y-axis, ξ(t,y) = −t+ ϕ(t,y). Therefore, the problem is reformulated for ϕ, and the perturbation of the temperature u =θ−θ; the curvature κ is replaced by the second-order derivative and V n by −1+ ϕ t + 1 2 (ϕ y ) 2 . Besides, at least near the instability threshold, the time derivative in the temperature equation is neglected, which leads to the system (see Section 3.4 and [7] The results are as follows (see [7] ): First, there exists a γ c < 1, γ c → 1 as ℓ → +∞,
such that, for γ > γ c the TW is orbitally stable, and unstable for 0 < γ < γ c . Second, there is a second-order parabolic equation for the front ϕ in the interval (−ℓ/2,ℓ/2)
where both L and G are pseudo-differential operators, whose symbols read (with the notation X k = √ 1+4λ k ): a kernel is the key point of the method; it induces a solvability condition which is the mathematical counterpart of the formal condition in Section 3.3. Next, we introduce the usual rescaling t = τ/ε 2 , y = η/ √ ε, u = ε 2 v, ϕ = εψ. Following the three main steps as above [8] , it turns out that ψ eventually solves the fourth-order equation:
∂ ∂τ B ε ψ = S ε ψ+F ε ((ψ η ) 2 ), (6.8) where:
S ε ψ = −3ψ ηηηη −ψ ηη +O(ε),
2 )+O(ε).
(6.9)
The non-explicit terms in (6.9) are quite involved (see [8, 4.1.5] ). Clearly, (6.8) reduces to the equation K-S (with ν = 3) when we set ε = 0 (see [8] for a detailed proof).
